We investigate the charge transport property of superconductor (S) /normal metal (N) / ferromagnet insulator (FI) /(normal metal) N' and S/N/FI/N'/S Josephson junctions on a three-dimensional topological insulator surface. We find asymmetric local density of states (LDOSs) in a S/N/FI/N' junction and show that the finite length of the N interlayer gives rise to subgap resonant spikes in the differential conductance and LDOSs. In a S/N/FI/N'/S junction, the Josephson current shows a non-sinusoidal current-phase relation and the N (or N') interlayer decreases the magnitude of the critical current monotonically.
I. INTRODUCTION
Nowadays, three dimensional (3D) topological insulators (TIs) have attracted explosive attention after their theoretical prediction [1, 2] and observation in the experiments [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . One striking characteristic of 3D TIs is the topologically protected Dirac-type surface states on their time reversal invariant point. With coupling to a ferromagnet (F), many exotic properties have been predicted for Dirac fermions on 3D TI surfaces, such as magnetoelectric effect [13] [14] [15] [16] [17] [18] . By the proximity effect to a superconductor, the 3D TI surface may become a topological superconductor [19] . When F and superconductor (S) coexist on 3D TI surfaces, it is found that chiral Majorana edge states can be generated at the boundary between them [19] [20] [21] , which leads to the formation of zero-biased conductance peak (ZBCP) [22] as experimental signatures [23, [28] [29] [30] [31] . Intrinsic topological superconductivity has also been found in doped 3D TIs, e.g., Cu x Bi 2 Se 3 [32] [33] [34] [35] [36] .
On the other hand, a variety of interesting phenomena about Josephson effect in TI materials have been discovered [41] [42] [43] [44] [45] [46] [47] . Recently, a non-sinusoidal current-phase relation has been reported in the 3D TI HgTe junction [47] . In the 3D TI heterojunctions like Nb/Bi 1.5 Sb 0.5 Te 1.7 Se 1.3 /Nb, the temperature dependence of the critical current is almost linear in most of the range [46] . Also, the novel Josephson effect involving Majorana fermions has been predicted theoretically [23] [24] [25] [26] [27] , however, there has been no experimental report yet. The rapid development in experiments requires for a theoretical approach which can deal with even more complicated structures for Josephson junctions on 3D TI surface.
In this article, we address how to compose Green's function by wave functions on superconducting 3D TI surface. Using the resulting formalism, one can analyze the spacial dependence of physical quantities, such as local density of states (LDOSs) and pair potentials. Also, this approach provides an efficient way to calculate Josephson current for complicated junctions on 3D TI surfaces. In this work, we choose the S (superconductor)/N (normal metal)/FI (ferromagnetic insulator)/N' junction and S/N/FI/N'/S Josephson junction as examples. Since making ideal contact between F and S regions is not easily accessible in actual experiments, a N interlayer between S and F is a more realistic setup to study Majorana fermions. In the S/N/FI/N' junction, we find that the conductance spectra and LDOSs have spikes as a function of bias voltage and quasiparticle energy E respectively. The resulting LDOSs shows an asymmetric energy dependence around E = 0 . For the S/N/FI/N'/S junction, we find that the distance of N interlayer (or N' interlayer) decreases the critical current monotonically. The junctions with or without FI show a non-sinusoidal current-phase relation at low temperatures.
The paper is organized as follows: In section II, we introduce our model and construct the Green's function. In section III, we show numerical results for S/N/FI/N' and S/N/FI/N'/S junctions and discuss them. A conclusion remark is given in Section IV.
II. MODEL
We consider the S/N/FI/N' and S/N/FI/N'/S junctions which are shown in Fig.1 . The system can be described by the BdG Hamiltonian [23, 53] 
for the S/N/FI/N'/S junction, where φ is the macroscopic superconducting phase.
In this article, we use a standard formula of tunneling spectroscopy [22, 52] as shown in Ref. [23] to obtain differential conductance spectra of the S/N/FI/N' junction. Here, we would like to present the way of constructing the retarded Green's function which has recently been applied to relativistic system like Graphene [54, 55] , and 1D helical states on TI [56] . In our system, the translational invariance along the y-axis is preserved, thus the retarded Green's function with respect to Eq.1 has the formǦ(x, x ′ , y, y
iky (y−y ′ ) . The retarded Green's function can be written as [48] [49] [50] [51] 55 ]
for x > x ′ and
for x < x ′ . ψ i=1∼4 (x) are wave functions of Eq.(1) with wave vector k y . ψ 1(2) (x) is the wave function for an incident electron-like (hole-like) particle from the left side. ψ 3(4) (x) is the wave function for the incident electronlike (hole-like) particles from the right side.
are the wave functions corresponding to the conjugate processes under the Hamiltoniañ
For example, in the left S side, the wave functions are
and
The corresponding wave vectors are represented by
where u and v are given by
Other wave functions can be found in the Appendix. The coefficients a i , b i , a i andb i can be solved from the boundary condition for relativistic systems.
For example, in S/N/FI/N' junction, the boundary conditions are:
, and similar to other processes. α i=1∼4 and β i=1∼4 can be determined by the boundary conditions of Green's function
whereτ i=x,y,z are the Pauli matrices in the electron-hole space. In real materials, the magnitude of the superconducting gap is much smaller than the chemical potential ∆ 0 ∼ 10 −3 µ, so we can use the quasiclassical approximation as q e ∼ q h and θ + ∼ θ − ≡ θ. Then one can easily obtain the values of α i=1∼4 and β i=1∼4 ,
From the Green's function, we can obtain the local density of states for electrons: ρ e (x, E) and that for holes:
where the spin-resolved LDOSs are given by
The dc Josephson current is determined by electric charge conservation rule
where
are electric charge density, electric current and source term, respectively. After straightforward calculations following Ref. [49] , we find that the total Josephson current is [57] 
where ω n is the Matsubara frequency ω n = πk B T (2n + 1), (n = 0, ±1, ±2....). Eq. (14) shows that FurusakiTsukada's formula [49] can also be applicable to the Dirac-like electron systems on 3D TI surfaces [58, 59] . It enables us to directly calculate the dc Josephson current in even more complicated or long Josephson junctions on 3D TI surface without starting from the energy levels of Andreev bound states [23, 60] .
III. NUMERICAL RESULTS

A. S/N/FI/N' junction
First, we show the conductance σ s (see Appendix) of S/N/FI/N' junction in Fig.2 . We normalized σ s by σ n which is the conductance when S is in normal state. We only consider the exchange field along z− and x−axis since the magnetization along y−axis does not change the conductance [23] . The length of the N layer between S and FI is denoted by L n . The direct contact between S and FI means L n = 0. For sufficient large m z (m x ), the normalized conductance has a ZBCP similar to that in chiral p-wave superconductor [23] when magnetic field is along z-axis as shown in Fig.2(a) . Also we can see from Fig.2(b) , ZBCP appears when the magnetization is along x−axis. As L n increases, the sub-gap resonant peaks show up (Figs.2(c)∼(f) ). The number of such peaks grows with L n . This oscillatory phenomenon can also be seen in the local density of states ρ e(h) (x, E). We normalize ρ e(h) (x, E) to that of the electron density of states of the bulk normal metal ρ n at Fermi energy. Here, we choose the position in the middle of FI x 0 = L f /2 + L n and show the density of states in Fig.3 . When L n = 0, we obtain the subgap peaks again as shown in Fig.3(c ∼  f) . The formation of such peaks can be explained as follows. We know that the wave vector for electron (hole)
The condition of forming the Andreev bound state [51] can be expressed as
which shows that the number of peaks is proportional to L n . Similar formation of Andreev bound states was also revealed in junctions with 1D helical edge states [61] . We also find the asymmetric E dependence of LDOSs near the S/FI interface, e.g., ρ e (x 0 , E)(ρ h (x 0 , E)) in Fig.3 . The asymmetry becomes prominent when magnetization is along z axis (Figs.3(a) , (c) and (e)). We know that ρ e (x, E) and ρ h (x, E) are symmetric functions of E for chiral p-wave superconductor when ∆ 0 is much smaller than µ [62] . In that case, the time-reversal symmetry is already broken in the bulk states of p-wave superconductor. On the other hand, the superconductor on TI is time-reversal invariant and can not support chiral edge mode without attaching ferromagnet. Therefore, we can imagine that the chiral edge mode studied here has a nature similar to Shiba-type bound states [38] [39] [40] by magnetic impurity scattering. In usual case, where the spin degree of freedom is degenerate, the emerging Shiba-states still follow the relation ρ e(h) (x, E) = ρ e(h) (x, −E), although the decomposed LDOS in each spin sector ρ e(h),σ (x, E) does not satisfy ρ e,σ (x, E) = ρ e,σ (x, −E). Since ρ e(h),σ (x, E) = ρ e(h),−σ (x, −E) is satisfied, after summing up each spin component, ρ e(h) (x, E) = ρ e(h),↑ (x, E) + ρ e(h),↓ (x, E) = ρ e(h),↓ (x, −E) + ρ e(h),↑ (x, −E) = ρ e(h) (x, −E) is satisfied. Then, the resulting LDOS is symmetric around E = 0. On the other hand, if the spin degeneracy is lifted in the superconductor, it is possible that the LDOS becomes asymmetric. In the present case, there is a strong spin-momentum locking in the superconducting region by spin-orbit coupling. Then the asymmetric energy dependence of ρ e(h) (x, E) appears near the S/FI interface. In recent experiment of scanning tunneling spectroscopy (STS), similar asymmetric behavior of LDOSs has been observed in 1D S/F system [37] . We can regard our finding in Fig. 3 as another example of asymmetric LDOSs in planar S/F junction which can be detected in STS.
To see the spacial dependence of the Majorana states in such junctions, we show the zero energy density of states ρ e (x, E = 0) throughout the junction. Because ρ e (x, E = 0) is 0 in both isolated S and FI region, significant enhancement of ρ e (x, E = 0) in S/FI interface of S/FI/N junction can be regarded as the experimental signature of chiral Majorana fermion. In the S region, we can estimate that the characteristic length expressing the spatial change of ρ e (x, E = 0) is the order of macroscopic length scale: ξ. This means a sufficient possibility to detect the presence of Majorana fermion experimentally by STS, since the manipulation of tip of STS just on the the S/N or S/F boundary with high resolution is not easy. Also, as seen in Fig.4(b) , even if there is a normal layer between S and FI, the enhancement of ρ e (x, E = 0) in both F and S is not affected. In the N layer between S and FI, ρ e (x, E = 0) is almost constant. In the right N layer, we find oscillations of ρ e (x, E = 0) on the scale of the inverse Fermi momenta. However, this oscillatory behavior may be difficult to be detected in actual experiment. Fig.2 .
B. Josephson effect
Before discussing the S/N/FI/N'/S junction, let us first look at S/N/S junction. Using Eq. (14), we plot the dc Josephson current in Fig.5. In panel (a) , we can see that the current-phase relation is non-sinusoidal for short-junction in low temperature. This characteristic remains in the long-junction, as shown in panel (c). We notice that in recent experiment of Nb/3D-HgTe/Nb Josephson junctions, the current-phase relation is found to be non-sinusoidal [47] . The experimen- tal condition corresponds to low temperature and longjunction in our calculation. We find a similar result in that limit as shown in (c). The temperature dependence of critical current J c for short and long circumstances are given in panel (b) and (d), respectively. We observe that for high temperature, J c is a concave function of T at small L n while it becomes a convex function with large L n . It is also interesting to notice that in the large area of low temperature, J c is nearly a linear function of T in both short-and long-junction. This result is in good agreement with the recent experiments in long Nb/Bi 1.5 Sb 0.5 Te 1.7 Se 1.3 /Nb Josephson junction [46] . In Figs.5(e) and (f), we plot the length dependence of Josephson current.
We now consider S/N/FI/N'/S Josephson junctions. The length of N layer on the two side of FI is denoted as L n1 and L n2 . When L n1 and L n2 is on the superconducting coherence length scale, the junctions become long-junctions. The influence of N layer between FI and S is shown in Fig.6 . From Figs.6(a) and (b) , we can see that the current-phase relation still retains the non-sinusoidal shape for different values of L n1 and L n2 in low temperature limit. Throughout our study, we have not found the sawtooth behavior of current-phase relation involving magnetization in the long junction and low temperature limit, as shown in Fig.5(c) . This is because the magnetization makes the Andreev bound states gapped for most values of k y [23] . The derivative of energy dispersion which creates Josephson current will be a smoother function of phase than that in S/N/S junction. For the temperature dependence of the critical current, we can see that it behaves qualitatively different in low temperature limit for m z and m x as shown in Figs.6(c) and (d) , respectively. For m z case, the critical current J c saturates at a constant value, which has been revealed by the previous work [25] . However, for the m x case, it shows a Kulik-Ome'lyanchuk type of critical current [63] which has linear low-temperature behavior. We interpret it as a result of the enhanced zero-energy LDOSs for m x magnetization as illustrated in Figs.3(b)(d)(f) . In the high temperature limit, it is shown that for both m z and m x cases, J c is a concave function while it crosses over to a convex function with increasing L n1 (or L n2 ). This behavior is similar to the S/N/S junction. Figures.6(e) and (f) represent the critical current as a function of the length L n1 and L n2 , for different direction of magnetization. It is worth noting that, although the interlayer N in the S/N/FI/N' junction could generate resonant spikes in the transport phenomena, e.g., spikes in Figs.2 and 3, we find no oscillatory behavior in either currentphase relation or critical current as a function of length N (or N'). The critical current decreases monotonically with the length L n1 + L n2 .
IV. SUMMARY
In summary, we theoretically studied the S/N/FI/N', S/N/S and S/N/FI/N'/S junctions on the surface of 3D topological insulator. We have constructed a formula to obtain Green's function. The conductance spectra and local density of states in S/N/FI/N' junction show resonant spikes due to the Andreev bound states. The calculated current phase relation and temperature dependence of critical current are consistent with recent experiments in S/N/S junction. We have also calculated current phase relation and temperature dependence of critical current in S/N/FI/N'/S junction. The non-sinusoidal current phase relation can be expected for short junctions. We hope the obtained results will be confirmed by experiments in the near future. 
The spinors are given bŷ
Also, the conductance can be given as σ s = σ 0 dk y Re 1 + k
where σ 0 is a constant parameter determined by the geometry of junctions.
